THE COMPLETENESS THEOREM FOR MONADS
IN CATEGORIES OF SORTED SETS
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ABSTRACT. The completeness theorem of equational logic of Birkhoff asserts
the coincidence of the model-theoretic and proof-theoretic consequence rela-
tions. Goguen and Meseguer, giving a sound and adequate system of infer-
ence rules for many-sorted deduction, generalized the completeness theorem
of Birkhoff to the completeness of many-sorted equational logic and provided
simultaneously a full algebraization of many-sorted equational deduction. In
this paper, after simplifying the presentation of Hall algebras and the inference
rules given by Goguen-Meseguer, we give another proof of the completeness
theorem by using the Bénabou algebras and, once defined the concepts of
equational class and equational theory for a monad in a category and the con-
cept of lim-compatible congruence on a category, we prove that the lattice
of II-compatible congruences on the category of polynomials for a monad in
a category of sorted sets is identical to the lattice of equational theories for
the same monad. In this way we obtain a completeness theorem for mon-
ads in categories of sorted sets, hence independent of any explicit syntactical
representation of the relevant concepts, that generalizes the completeness the-
orem of Goguen-Meseguer and provides a full categorization of many-sorted
equational deduction.

1. INTRODUCTION.

The completeness theorem of many-sorted equational logic of Goguen-Meseguer,
see [5], under which falls the classical completeness theorem of equational logic
of Birkhoff, see [2], asserts the coincidence of two closure operators on the set
Eqy(X) of finitary Y-equations, for an S-sorted signature ¥ and an S-sorted set
of variables V' = (V;)ses where, for every s in S, V, = {v3 | n € N}. One
of the closure operators, the semantical consequence operator, denoted by Cny,
is obtained from the contravariant Galois connection between the ordered class
Sub(Alg(X)), of subclasses of Alg(X), and the ordered set Sub(Eqy (X)), of sub-
sets of Eqy(X), composing the operators Mody: Sub(Eqy (X)) —Sub(Alg(X))
and Thy: Sub(Alg(X)) —=Sub(Eqy (X)), obtained from the ternary satisfiabil-
ity relation between valuations, many-sorted Y-algebras and finitary ¥-equations.
The other closure operator, the formal consequence operator, can be obtained not
only from axioms and inference rules but also, alternatively, as has been pointed
out by Goguen and Meseguer in [5], as the operator CngH(E)’ of generated con-
gruence, on the Hall algebra Poly(X) that has as underlying S* x S-sorted set
(Fre(lw)s) (w,s)es*xs where, for w € S*, |w is the S-sorted set that has as s-th
coordinate the subset {vf € V5 | w(i) = s} of V,; while Fry(|w) is the underlying
S-sorted set of Fry,(Jw), the free many-sorted 3-algebra on |w. For this alternative
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point of view it is essential to conceive of the sets of finitary -equations as subsets
of the square of the Hall algebra Poly(X), i.e., to think of such sets as parts of the
square of an algebraic construct and not of an unstructured object as in the first al-
ternative. This point of view allows a full algebraization of many-sorted equational
deduction.

In the second section, after simplifying the presentation of Hall algebras and
the inference rules given by Goguen-Meseguer, we define the concept of Bénabou
algebra, in order to give another proof of the completeness theorem, and prove that
the category of Bénabou theories, defined in [1], is isomorphic to the category of
Bénabou algebras and also that the category of Hall algebras, used by Goguen-
Meseguer in their proof, is equivalent to that of Bénabou algebras. We point
out that in [3] the Bénabou algebras have also been used to define what we have
called morphisms of Fujiwara from a many-sorted signature into another (such
morphisms consists of two suitably related mappings: On the one hand, a mapping
that relates the sets of sorts of the many-sorted signatures and assigns to each
sort in the first, a derived sort in the second, i.e., a word on the set of sorts of
the second, and, on the other hand, a mapping that assigns to each operation in
the first, a family of many-sorted polynomials in the second, all in such a way
that both transformations are compatible), as well as morphisms from a many-
sorted specification into another, and we remark that the hypersubstitutions are a
particular case of the above morphisms between many-sorted signatures.

Now, if we consider that a monad (exactly, those that arise from an algebraic
adjunction) is what remains invariant under change of algebraic presentation or,
in other words, if we take into account the equivalence between monads and theo-
ries, then it seems natural to intend to prove directly a completeness theorem for
monads, hence independent of any explicit syntactical representation of the rele-
vant concepts. But, as we will see, it happens that such a direct proof is not an
automatic translation of the above mentioned proofs.

In the third section, in order to obtain a direct completeness theorem for monads,
not necessarily finitary, we define polynomials, equations and validity for monads.
Once this is done we also obtain a contravariant Galois connection between the
ordered class Sub(EM(T)), of subclasses of EM(T), the Eilenberg-Moore category
for the monad T, and the ordered class Sub(Eq(T)), of subclasses of Eq(T), the
equations for the monad T, from such a connection we obtain the semantical conse-
quence operator, Cnr, on Eq(T) composing Mody: Sub(Eq(T)) — Sub(EM(T))
and Thy: Sub(EM(T)) —> Sub(Eq(T).

In the last section, in order to obtain the missing formal consequence operator
on Eq(T) we define the concept of TI-compatible congruence on a category and take
into account that Eq(T) is a subfamily of the square of the family of the hom-sets of
the category Pol(T) of polynomials for T, the dual of the Kleisli category KI1(T) of
the monad T, and from this the formal consequence operator arises as the operator
ngol(m, generated IT-compatible congruence, on Pol(T). Finally, the completeness
theorem for monads in categories of sorted sets asserts the coincidence between
both operators or, what amounts to the same, that the lattice of IT-compatible
congruences on the category of polynomials for a monad in a category of sorted
sets is identical to the lattice of equational theories for the monad.

In this way the completeness theorem of many-sorted equational logic of Goguen-
Meseguer and the classical completeness theorem of equational logic of Birkhoff, are
instances of this completeness theorem and this last is, in addition, invariant under
presentations. We believe that from the above we obtain a full categorization of
many-sorted equational deduction.
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In what follows we use standard concepts from many-sorted algebra and category
theory, see e.g., [5] for many-sorted algebra and [6] for category theory. Moreover,
every set we consider will be an element or subset of a Grothendieck universe U,
fixed once and for all.

2. HALL ALGEBRAS, THE MANY-SORTED COMPLETENESS OF
GOGUEN-MESEGUER AND BENABOU ALGEBRAS.

The Hall algebras formalize the concept of substitution for the finitary poly-
nomials and that of generalized composition for the many-sorted operations on a
sorted set. In this section we define the variety of Hall algebras, through an axiom
system less redundant than that presented in [5] and, from the completeness theo-
rem of many-sorted equational logic, we obtain a many-sorted equational calculus
from which we prove that the rules of abstraction and concretion in [5] are derived
rules, hence providing a somewhat less redundant set of sound and adequate infer-
ence rules than in [5]. Moreover, once defined the category of Bénabou algebras
we prove that it is isomorphic to the category of Bénabou theories in [1], that the
category of Hall algebras is equivalent to the category of Bénabou algebras and,
additionally, we give an alternative proof of the Completeness Theorem through
the Bénabou algebras.

But before that we consider, for a set of sorts S and an S-sorted signature
3, the concepts of finitary ¥-polynomial, finitary ¥-equation and the relation of
validation between finitary Y-equations and X-algebras. From these concepts we
obtain, as is well known, a contravariant Galois connection between the ordered set
of families of finitary YX-equations and the ordered class of families of Y-algebras
and, in particular, the closure operator of semantical consequence on the set of
finitary ¥-equations.

Definition 1. Let 3 be an S-sorted signature, w € S* and s € S.
(1) A finitary X-polynomial of type (w,s) is a mapping P: 0° — Fry(lw)
where 0° = (07):es, the delta of Kronecker in s, is such that 6f = @ if s £ ¢
and 67 = 1.
(2) A finitary S-equation of type (w, s) is a pair (P, @) of finitary ¥-polynomials
of type (w, s).

We agree that Polg(X) denotes the many-sorted set of finitary Y-polynomials,
Le., (Homgeys (6% Fre(lw)))(w,s)es+xs, identified to (Frs(lw)s)w,s)es xs- On
the other hand, Eqy(X) denotes the many-sorted set of finitary X-equations, i.e.,
(Homgegs (0%, Frs (1w))?) (w,s)es x5, identified to (Frs(lw)2) (. s)es:xs- We point
out that the above identifications can be made because the deltas of Kronecker are
a system of generators for the category Set”.

Now we define for an S-sorted signature 3, on the one hand, the realization
of the finitary X-polynomials in the Y-algebras and, on the other, the concept of
validation of a finitary ¥-equation in a Y-algebra.

Definition 2. Let X be an S-sorted signature, w € S*, s € S and A a Y-algebra.
Then every finitary Y-polynomial P: §° — Fry(|w) determines a mapping P4
from Homgges (Jw, A) to Homgees (6°, A), the realization of P in A, that to a map-
ping f: | w—> A assigns ffo P: 6 — A where f? is the canonical extension of
f to Fry (lw).

Definition 3. Let A be a Y-algebra and (P,Q) a finitary Y-equation of type
(w, s). We say that (P,Q) is valid in A, denoted by A =% | (P,Q), if P4 = Q4.
If K C Alg(X), then we agree that K =2 | (P, Q) means that, for every A € K,
AES,(P.Q).
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We remark that the underlying reason for the definition we have made of the
finitary ¥-polynomials, the realization of finitary ¥-polynomials and the validation
relation, will become clear when these concepts be compared with the corresponding
ones, in a later section, for a monad T in a category.

From the concept of validation we obtain the following contravariant Galois
connection.

Definition 4. Let ¥ be an S-sorted signature.
(1) If £ C Alg(X), then Thx(K), the finitary 3-equational theory determined
by K, has as elements the finitary ¥-equations (P, Q): §°* — Fry(|w) such
that K =5, (P,Q), ie.,

The(K) = ({(P.Q) € Bag(D)ue | VA€ K (AED, (P.QDY) ysyesens
(2) If £ C Eqyu (%), then Mods (&), the finitary X-equational class determined
by &, has as elements the Y-algebras A that validate each equation of &,
ie.,

Mods(€) = {A € Alg(%) ‘ V(w,s) € 5% x 5, V(P,Q) € Eu,s; }

AEL, (PQ)

Proposition 1. Let ¥ be an S-sorted signature, £, £ two families of finitary
Y-equations and K, K' two classes of X-algebras. Then the following holds:

(1) If € C &', then Modx(E') € Modx(E).

(2) If K C K', then Thx(K') C Th(K).

Therefore the pair of mappings Thy and Mody, is a contravariant Galois connection.

The categories associated to the lattices of classes of X-algebras and families
of finitary Y-equations are related by the adjunction Mody - Thy, i.e., for every
class IC of X-algebras and every family £ of finitary »-equations, we have that
K € Modx(€) iff £ C Thx(K), because of the contravariance.

Definition 5. We denote by Cny the closure operator Thy o Mods, on Eqg (%)
and we call the Cnyg-closed sets Y-equational theories. If £ is a family of fini-
tary Y-equations and (P,Q) a finitary Y-equation of type (w,s), then we say
that (P,Q) is a semantical consequence of £ if Modx(€) C Mods(P,Q), ie., if
(P,Q) € Thy(Mods(€))u.s.

Now we define the Hall algebras through a many-sorted equational presentation
that differs from that in [5].

Definition 6. Let S be a set of sorts and VH the S* x S-sorted set of variables
(Vw,s)) (w,s)es+xs where, for every (w,s) € S* x S, Vi o) = {v® | n e N}. A
Hall algebra for S is a many-sorted (2, £M)-algebra, where £ is (S* x S, =) and
YH is the S* x S-sorted signature, i.e., the (S* x S)* x (S* x S)-sorted set, defined
as follows:
(1) For every w € S* and i € |w|,
s A — (w, w;),

where |w| is the length of the word w and A the empty word in (S* x S)*.
(2) For every u, w € S* and s € S,

Supw,s: ((w,8), (u,wo), ..., (U, Wyy|—1)) — (u, 8).

while Y is the part of Eq(XH) = (FrEH(lm)%uys))(E,(u,s))e(S*xS)*><(S*><S) defined
as follows:
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H1. Projection. For every u, w € S* and i € |w|, the equation

wo U, W | —1

u, u,W;
; Vg 1o V21 ;

w
3 K2

guﬂl},wi (7T' ) =0

of type (((U, UJO), EER (u, w\w|—1))a (U, wl))

H2. Identity. For every u € S* and j € |ul, the equation
Sy (0 TG Ty ) = 0

of type (((u; u;)), (u; uj)).

H3. Associativity. For every u, v, w € S* and s € S, the equation

w,s  v,Wwo V,W|w|—1 u,vo U, Vjy|—1y _
Euw,s(Eow,s(vy ", v, ... I ), Vil > Vyan o] ) =

v,wo ,U,V0 u’v\u\—l)
5

w,s
fu,w,s(vo 3§u,v,wo (vl 7’U|w‘+1a e 7’U|w\+|v\ R

é— (Uvaw|w|—1 Uu,vo quv\v\—l))
UV, W -1\ || P P w|4+10 0 Y w| v

of type (((w,s), (v, wo), ..., (V,Wjw|—1), (¥, v0), - - . (U, V]y|=1)); (U, 8)).
Let us remark that from H3, for w = A, we obtain the invariance of constant
functions axiom in [5]:

Invariance of constant functions. For every u, v € S* and s € S, we have
the equation

fu,v78(§v,/\78(1}375)a Uﬂf’vov s avﬁjflu‘il) = 5%%8(”378)

of type (((A, s), (u,v0), .- -, (u, Ulv\—l))7 (u, 8)).
We call the formal constants 7" projections, and the formal many-sorted oper-
ations &, ., s substitution operators. Moreover, we denote by Alg(H) the category
of Hall algebras for S and homomorphisms between Hall algebras.

For every S-sorted set A, Op(A) = (Homset(Aw, As))(w,s)es* x5, the S* x S-
sorted set of many-sorted operation for A, where, for w € S*, A, = Hielw\ Ay,
is endowed with a structure of Hall algebra, if we realize the projections as the
true projections and the substitution operators as the generalized composition of
mappings. The closed sets of this many-sorted algebra are the clones of operations
and were investigated originally, for operations on ordinary sets, by Philip Hall (see
e.g., [4] or [7]).

Proposition 2. Let A be an S-sorted set and Op(A) the many-sorted X1 -algebra
with underlying many-sorted set Op(A) and many-sorted algebraic structure F de-
fined as follows

(1) For every w € S* and i € |w|, Frv = prf)’i: Ay —> Ay, .

(2) Foreveryu,w € S* ands € S, Fy, , . is defined, for every f € Al'w and g €
Al as Fe, o (f,905 -5 Glwj—1) = Folgi)icw|, where (gi)ic|w| is the unique
mapping from A, to A, such that, for every i € |w|, prﬁ’i o (gi)ic|w| = Gi-

Then Op(A) is a Hall algebra.

We remark that, as a particular case of substitution, we also have F¢, , _, that
converts constants of type Y , into constants of type kg , for a € A; and u € S*.

For every S-sorted signature X, Polg(X) = (Frs(lw)s) (w,s)es+x s is also endowed
with a structure of Hall algebra that formalizes the concept of substitution.

Proposition 3. Let . be an S-sorted signature and Poly (X)) the many-sorted % -
algebra with underlying many-sorted set Poly(X) and many-sorted algebraic struc-
ture F' defined as follows
(1) For every w € S* and i € |w|, Frw is the image under niﬁ’ of the variable
v}’ where N = (nt%)ses is the canonical injection of |w into Frs(lw).
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(2) For every u,w € S* and s € S, Fy, , , is the mapping

P { Frs(lw)s x Fra(lw)w, X -+ X Frs(lw)w,, ., —= Fra(lu)s
e (P, (Qi | i € |w])) — Qi(P)

where, for Q the S-sorted mapping from |w to Fry(lu) canonically asso-
ciated to the family (Q; | i € |w|), QF is the unique homomorphism from
Fry,(lw) into Frs(lu) such that Q% o nlv = Q.

Then Poly (%) is a Hall algebra.

Now we prove that, for every S* x S-sorted set ¥, Fry(X), the free Hall algebra
on Y, is isomorphic to Poly(X). This isomorphism together with the adjunction
Fry 4Gy has as consequence that, for every S-sorted set A and S-sorted signature
¥, the sets Homgggs+xs (3, Op(A)) and Hom a g (Poly (2), Op(A)) are naturally
isomorphic. Moreover, the isomorphism assigns to a many-sorted structure F' on
A the homomorphism of Hall algebras Pd“"") | defined below, from Poly () into
Op(A) and the inverse mapping assigns to h: Poly(3) —= Op(A), the many-sorted
algebraic structure Gy (h) o n* on A.

Definition 7. Let A be a Hall algebra and ¥ an S-sorted signature. Then, for every
f:S—>Aanduec S*, AN, the derived many-sorted S-algebra of A for (f,u),
is the many-sorted Y-algebra with underlying S-sorted set Af* = (A(u,s))ses and
many-sorted algebraic structure F*, defined, for every (w,s) € S* x S, as

Zwvs - Opu;(Aﬁu)s
Fl [icjuw Aww) — Agu,s)

g > A
(0’07 s 7a\w\—1) — ff,w,s(f(w,s) (U)7a07 ) a\w|—1)

where Op,, (Af%) = (Ag;“ A(u’wi))ses and Op,, (A%, = Ag;“ A More-
over, we denote by p* the S-sorted mapping from |u into A% defined, for every
s€ Sandi€ |u|, as p*(v$) = (7#)4, and by (p*)* the unique homomorphism from
Fry(lu) into A7 such that (p*)! o pt® = p.

Lemma 1. Let ¥ be an S-sorted signature, A a Hall algebra, f: ¥—=A and
u € S*. Then, for every (w,s) € S* x5, P € Fre(lw)s and a € [[;c ) Aw,wi), we
have that

fiu w
PA (ag, ..., apj—1) = &y J(0")H(P), a0, - -, A —1)

Proof. By algebraic induction on the complexity of P. O

Proposition 4. Let ¥ be an S-sorted signature. Then the Hall algebra Poly(X) is
isomorphic to Fry(32).

Proof. It is enough to prove that Poly(3) has the universal property of the free
Hall algebra on X. Therefore we have to specify an S* x S-sorted mapping h from
Y into Poly(X) such that, for every Hall algebra A and S* x S-sorted mapping f
from ¥ into A, there is a unique homomorphism j?from Pol;(¥) into A such that

foh=f. Let h be the S* x S-sorted mapping defined, for every (w,s) € S* x S,
as

th

)

{ Ew,s —— FrE(lw)s

o (Vs Vo)

Let A be a Hall algebra, f: ¥ ——= A an S* x S-sorted mapping and fthe S* x S-
sorted mapping from Poly (X)) into A defined, for every (w,s) € S* x S, as f(w75) =
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(p*)4. Then fis a homomorphism of Hall algebras, because, on the one hand, for
w € S* and i € |w| we have that

Flwun) (7P = Fy oy (vF)
= Pa, (V5)
w)A

= (m}

and, on the other hand, for P € Fry(lw)s and (Q; | 7 € |w|) € Fre(lu), we have
that

Flus) (€8 (P,Qos - -, Q1))

= (p")E(QL(P))

= ((")* 0 Q)L(P)

= P (0", Qo) (0", (Qpuoi—1)

= s (0)E(P), (P")hy (Q0)s -+ (), (Quui—1))  (by Lemma 1)
=& (Ftw.)(P): Fawwn) (@) - Ty 1) (@l -1))-

Therefore the S* x S-sorted mapping fis a homomorphism. Moreover, fo h=f,
because, for every w € S*, s € S, and o € X, 5, we have that

Fw,s) (hws(0)) = (0")i (0 (65, - 05 1)
= o (pin, (W), s P (Uh—1))
= & s (Flu,0) (@), ()2, (i 21)2)
= fw.s (o) (H2)

It is obvious that fis the unique homomorphism such that fo h = f. Henceforth
Poly (%) is isomorphic to Fry(X). O

Now, for every many-sorted X-algebra A, we state the existence of a homomor-
phism of Hall algebras Pd% from Poly(¥) into Op(A) = Op(A) such that Thx(A4),
the finitary Y-equational theory determined by A, is precisely Ker(PdA).

Proposition 5. Let A be a many-sorted X-algebra. Then the S* x S-sorted map-
ping Pd2 from Poly (%) into Op(A) = Op(A) defined as P4 = (Pd(w g)) (w,5)€S* xS
where, for every (w,s) € S*x S, sziw 5 18 the s-th coordinate odeA (Pd s)s€S)
the unique homomorphism from Fry,(lw) into Op, (A) = A% such that Pd2 17““ =
p2, where pZt is the S-sorted mapping from |w into Op,(A) = A4v defined, for
every s € S and v € (lw)s, as pis(vf) = pr;ﬁ’i, is a homomorphism of Hall
algebras from Poly(¥) into Op(A). Moreover, Ker(Pd4) = Thy(A).

The last part of the Proposition just stated can be extended to classes of many-
sorted Y-algebras and, in particular, to the models of a family £ of finitary 3-

equations. From this will follow that the operador Cgp, (x) is sound relative to
the operador of semantical consequence Cnsy:.

Proposition 6. Let K a class of many-sorted ¥-algebras. Then Thx(K) is a
congruence on Poly ().

Proof. Because Thy(K) is () 4k Ker(Pd%) € Cgr(Poly(%)). O

Corollary 1 (Soundness Theorem). Let ¥ be an S-sorted signature. Then we have
that CgMH(E) < Cngy.
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Proof. Let £ be a part of Eqy;(X). By definition Cny (€) = Thy(Modx(€)), that is a
congruence on Poly () and contains &, therefore Cny;(€) contains Cgpyy (5y(€). O

The congruence generated in Poly (X) by a family of finitary Y-equations £ can
be characterized as follows.

Proposition 7. Let £ be a part of Eqy(X). Then Cgpyy (x)(€) is the smallest
part £ of Eqy(X) that contains € and is such that, for every u,w € S* and s € S,
satisfies the following conditions:
(1) Reflexivity. For every P € Poly(X)w.s, (P, P) € Ews-
(2) Symmetry. For every P, Q € Poly(X)w.s, if (P,Q) € Ew,s, then (Q,P) €
T
(3) Transitivity. For every P, Q, R € Poly(X)w.s, if (P,Q), (Q,R) € Ey.s,
then (P,R) € £, 5.
(4) Substitutivity. For every (M; | i € |wl), (N; | i € |w]) € [;¢}, Pola(X)uw,
such that, for every i € |w|, (M;, N;) € Eyw,;, and (P,Q) € Eu s,

(gu,w,s(P7 MO» B M\w|—1)7€u,w,s(Qv N()v ceey N|w|—1)) S gu,&
O

Let us remark that in the Proposition just stated, the substitutivity condition
for w = A demands that if (P, Q) € £, s then, for every u € 5*, (P, Q) € €, 5.

Proposition 8. Let £ be a part of Eqy(X) and 0 € Sy . If, for every i € |w|,
(PZ‘, Qz) S gw,w“ then (O'(Po, RN P\w|—1)a O'(Qo, Ceey Q|w\—1)) S gw,s-

Proof. By reflexivity (o (vo, ..., Vw|-1),0(v0, ..., Vjw|-1)) € E.w.s hence, by substi-

tUtiVitYa (U(POa BERE) ]D\w\—l)ﬂ J(QOv BRI Q|w|—1)) € ngs U

Proposition 9. Let € be a part of Equ(X) and (w,s) € S* x S. If (P,Q) € Eu.s
and f is an endomorphism of Fry,(lw), then (fs(P), fs(Q)) € Ew.s-

Proof. For every i € |w|, the equation (fu, (v;), fuw,(v;)) is in Eupw,. By substitu-
tivity, we have that

(gw,w,s(Pa fwo (UO)a ceey fw‘w‘,l(U|w\—1))7£w,w,s(Q7 fwo ('UO)a sy fw‘w‘,l(v|w|—1)))

is in £, hence (f5(P), fs(Q)) € Euw.s- O

Corollary 2. Let € be a part of Eqy(Z) and w € S*. Then €, = (Ew.s)ses 15 a
fully invariant congruence on Fry(lw).

We remark that the congruence &,, contains Cgig( 1wy (Ew), the fully invariant
congruence generated by &, = (Ew,s)ses and, in general, the containment is strict.

Proposition 10. Let £ be a part of Eqy(X) and w € S*. Then Fry(lw)/E. is a
model of £.

Proposition 11 (Adequacy Theorem). Let ¥ be an S-sorted signature. Then we
have that Cny, < CgMH(E).
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Proof. Let € be a part of Eqy (X). If (P, Q) € Cns(E)u,s, then, because Frs (Jw) /&,
is a model of £, PE=(w)/&w — QFrs(lw)/Ew  Hence

[Pl = [gw,w,s(Pv LN 77Tﬁ)u\—1)]

= [PE=(w) (g, ... s Vjw|—1)]
= PR/ Eu (o] [vp)—1])
= QE=(w)/Eu (o], .., [Vf)—1])
= (=) (vy, ., vy —1)]
= [lwws(Q, 7. .. ,Wm\_l)]
=[Q],
and (P,Q) € CngH(z)(g)w,S' -

Corollary 3 (Completeness Theorem of Goguen-Meseguer). Let X3 be an S-sorted
signature. Then we have that CgmH(Z) = Cny.

The Completeness Theorem of Goguen-Meseguer allows us to obtain a calculus
of finitary Y-equations, i.e., a calculus on sets of variables of the form |w, for
w € S*, or, what amounts to the same, on finite subsets of V. Before we state the
finitary Y-equational inference rules we agree that (P,@Q) : (X, s) means that the
finitary X-ecuacién (P, @) is of type (X, s), i.e., that P,Q € Fry(X)s, in addition if
P € Frs(X)s and P = (Ps)ses: X —= Frs(Y), then P(x/Ps ;)ses. zex, is PEH(P).

Proposition 12 (Inference Rules). The following finitary Y-equational inference

rules determine a closure operator on Eqy(X) that is identical to the closure oper-
ator Cny.

R1 Reflexivity. For all P € Frs(X)s, (P, P) € Ex,5, or diagrammatically

PP (X5 P € Fry(X)s

R2 Symmetry. For all P,Q € Frg(X)s, if (P,Q) € Ex.s, then (Q,P) € Ex.s,
or diagrammatically
(P,Q) : (X,s)
(@, P):(X,s)
R3 Transitivity. For all P,Q,R € Frx(X)s, if (P,Q) € Exs and (Q,R) €
Ex.s, then (P,R) € Ex 5 or diagrammatically

(PQ): (X,s) (QR):(X,s)
(P R):(X,s)
R4 Generalized substitutivity. For all (P,Q) € Ex,5 and P,Q: X —= Fr(Y)
such that, for every s € S, x € Xs, (Psz,Qs.2) € Ev.s,
(gY,X,s(Pa (Ps,w)SES,a:EXE)a fY,X,s(Q; (QS,I)SES,wEXS)) S gY,sa

or diagrammatically

(Pa Q) : (X7 8) ((PS,JH Qs,w) . (K S))SES,IEX5
(P(x/Ps,m)SGS,zGstQ(x/Qs,z)SES,xeXs) : (K 3)

Proof. Because the finitary Y-equational inference rules are the translation of the
conditions in Proposition 7. U

Proposition 13. The inference rule R is equivalent, assuming R1, to the following
inference rule
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R4’ Substitutivity.

(P’Q) : (X’ S) (P/aQ/) : (Y7 t) tae t,x
(Pe/P),Q/Q)) - (X — o7 UY,s) *© Xy [0," = {=}, &

Proof. We begin by proving that R4 implies R4'. If (P,Q) : (X,s) and (P',Q’) :
(Y,t) are deducible and = € X;, then also are deducible, by reflexivity, the fini-
tary Y-equations in the family ((P,,Q7,) : (X = 6"*) UY,s))ses,zex,, Where
P, = P, Qf, = Q, and otherwise P, = Q,6 = y. Then, by general-
ized substitutivity, (P(z/P’),Q(z/Q")) : (X — 6*®) UY,s) is deducible, because
P(x/P') = (P(x/P{,)ses,zex. and Q(z/Q') = Q(z/P,)ses, zex. -

Reciprocally, R4’ implies R4, by reiterating the application of R4’ card(]] X)-
times. (]

=g, if s £t

In some presentations of many-sorted equational logic, e.g., in [5], are introduced
two additional inference rules that allow the adjunction and suppresion of variables,
under some conditions. But as we will prove below both rules are derived rules,
relative to the system of rules R1 to R4.

Definition 8 (Abstraction and concretion).
R5 Abstraction.

(P,Q): (X,s)

(F.0): (Xuote,s) LEVimX

R6 Concretion.

(P,Q): (X,s)
(P,Q): (X = 0%, s)

Proposition 14. The abstraction and concretion rules are derived rules.

x € Xy, x ¢ var(P,Q), Fre((9)ses)t # 2.

Proof. Abstraction is a derived rule. Let y € V; be such that y € X;. Then, by
reflexivity, the finitary -equation (y,y) : (%Y U 65%,s) is deducible. Hence, by
substitutivity, the finitary Y-equation

((y/P),y(y/Q)) : ((37¥ L") = d*") U X, )
that is identical to (P, Q) : (X U %%, s), is also deducible. As a particular case we
have that if (P, Q) : ((9)ses, s) is deducible, then (P, Q) : (647, s) is also deducible.
Concretion is a derived rule. Since Frs((@)scs): # @ let us choose an R €
Fry((9@)ses):- Then, by reflexivity, the finitary 3-equation (R, R) : ((D)ses,t) is
deducible. Hence, by substitutivity, (P(z/R),Q(z/R)) : (X — 6"%) U (D)ses,s) is
also deducible and, because z ¢ var(P,Q), (P, Q) : (X — 6%, s) is deducible. [
Definition 9 (Replacement rule).
R7 Replacement.
(P, Q") : (X, w;)
(J(P07 SR P\w|—1)a U(QO; ey Q|w\—1)) : (X7 S)

Proposition 15. The replacement rule is a derived rule.

0 € Yy,s

Proof. By reflexivity, (o(vo,...,Vw/-1),0(V0,...,Vw/-1)) : (lw,s) is deducible.
Now, by reiterating substitutivity |w|-times, we obtain the desired finitary -
equation. 0

Everything we have made up to now can be extended to the case of locally
finitary X-equations, i.e., pairs of mappings from 6° to Fry(X), for some s € S
and X € Suby(V) ={X C V| Vs € S(X,is finite) }, we only have to change the
structural operations of the Hall algebras to locally finitary operations. Moreover,
the equational calculus has the same inference rules R1-R4, but generalized to
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locally finite S-sorted sets of variables. However, the rule of substitution is not more
equivalent to the generalized rule of substitution. Finally, the rules of abstraction
and concretion for this case are the following.

Definition 10.
R5" Generalized abstraction.
(P,Q): (X,s)
(P,Q): (XUY,s)
R6’ Generalized concretion.

P Y nvar(P.Q) = 2. supp(Y) € supp(Frs (9)ses)

Where, for an S-sorted set Z, supp(Z), the support of Z,is {s € S | Z; #
o}

The Completeness Theorem can also be proved alternatively by using instead
of the Hall algebras the Bénabou algebras. This is interesting because, on the one
hand, the category of Bénabou algebras is isomorphic to the category of Bénabou
theories defined in [1] and, on the other hand, the Bénabou algebras even having an
equational presentation radically different from that of the Hall algebras, are equiv-
alent to them, i.e., the respective categories are equivalent. In order to accomplish
such an alternative proof we begin by defining the Bénabou algebras.

Definition 11. Let S be a set of sorts and VB the S* x S*-sorted set of variables
(Viww)) (uw)es* xs+ where, for every (u,w) € S* x §*, Vi )y = {vw® [n € N} A
Bénabou algebra, for S is a many-sorted (X7, £8)-algebra, where X7 is (5* x $*, £B)
and XB is the (S*)2-sorted signature, i.e., the (S* x S*)* x (S* x S*)-sorted set,
defined as follows:
(1) For every w € S* and i € |w|,
s A— (w, (w;)).

(2) For every u, w € S*,

<>u,w: ((u7 (’wo))7 ceey (u’ (wlw\fl))) - (u7 w)'
(3) For every u, z, w € S*,
ouww: (w,2), (z,w)) — (u,w).
while £ is the part of Eq(XB) = (Frgs (lﬁ)%u,x))(m(u,x))e(s*xS*)*x(S*xS*) defined
as follows:
B1. For every u, w € S* and i € |w|, the equation

w u,(wo) Uy (W) —1) _ s (wsi)
T Ou1w7(wi) <U0 PR av|w|_1 >u,w =,

of type (((u, (wo)), - - -, (s (Wjw|-1))), (u, (wi))).
B2. For every u and w € S*, the equation

u,w u u o uw
Vo' Cuyuyw (TG - - 77T|u|71>u,u =T

of type (((u,w)), (u, w)).
B3. For every u and w € S§*, the equation

< w g u,w w o u,w> o uw
T Cu,wawo Voo e o5 Myy|—1 Quw,w,wiw—1 Yo Ju,w = Yo

of type (((u, w)), (u, w)).
B4. For every w € S*, the equation

<7T6U>w,(wo) =7y

of type (((wv (UJO)))’ (IU, (wO)))
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B5. For every u, x, w, y € S*, the equation

w,y T, w U,y w,y T, w u,T
Vg Y Ouwy (V17 Ouww V2™ ) = (Vg ¥ Opw,y V17") Ouz,y Vo

of type (((w,y), (z,w), (v, 7)), (v, y)).
where v is the n-th variable of type (u,w), @ oy zw P IS 04z w(P,Q), and
(Poy s Py =1)uyw 18 QYuyw(Pos -+, Plyj—1). We will write o instead of o, 4., and
(...) instead of (...)yw, if there is not risk of misunderstanding. Moreover, we
denote by Alg(B) the category of Bénabou algebras and homomorphisms between

them.

For every S-sorted set A, Opg_(A) = (Homset(Aw, Au)) (w,u)es* x5+ is endowed
with a structure of Bénabou algebra.

For every S-sorted signature ¥, Polg(X) = (Homgegs (lu, Frs(lw)) (w,uyess x5+ 18
endowed with a structure of Bénabou algebra if the projections 7} are interpreted as
the variables v;", the operators (), ., as the isomorphisms that transform w-families
of formal ¥-polynomials on |u into S-sorted mappings from |w to Fry(]u), and
the operators o, 4, as the substitutions for families of formal polynomials, that to
families P € Fry(|u), and Q € Fry(|z),, assign Q o, 4., P = P 0 Q € Fry(lu).,.

Now, once defined the many-sorted algebraic theories of Bénabou and the mor-
phisms between them, we prove that the category of Bénabou algebras is isomorphic
to the category of many-sorted algebraic theories of Bénabou.

Definition 12. Let S be a set of sorts.

(1) A many-sorted algebraic theory of Bénabou for S or, to simplify, a Bénabou
theory for S, is a pair L = (L,p) where L is a category with objects
the words on S and p a family (p*),es+ such that, for every word w €
S*, p* is a family (p}”: w——=(w;))ic|w| of morphisms in L, that we call
the projections for w, such that (w,p*) is a product in L of the family
(wi))iew)-

(2) Let L and L’ be two Bénabou theories for S. A morphism on L to L' is
a functor F on L to L’ such that the object mapping of F' is the identity
and the morphism mapping of F preserves the projections, i.e., for every
we S and i € [w], F((p)L) = (p2)E

Proposition 16. Let S be a set of sorts. The Bénabou theories for S together with
the morphisms between them determine a category BTh(S).

Proposition 17. Let L be a Bénabou algebra for S. Then L = (L, 7) with L the
category defined as follows

(1) Ob(L) = S* and L(u,w) = Ly 4.

(2) For every w € S*, idy, = ()L i € [w])w -

(3) If P: u—w, Q: w—>ux, then the composition of P and Q is ogyw,x(P7 Q).
and m the mapping defined, for every w € S*, as ¥ = ((W;?U)L)iaw‘, 1s a Bénabou
theory for S.

Proof. We begin by proving that, for every = € S*, id, is an identity in L. Let
P:u——s2z and @: £ —w be morphisms in L. Then we have that

P=(f)EoPic e (by B3)
— ()0 (x| i€ al)o P) |i € |ef) (by BL and B5)
= (D)L i€ fef)o P (by B3)

Q=Qo((rf): i€ lz]) (by B2)
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The composition is associative by B5.

Now we prove that, for every w € S*, (w, ((W?)L)iew) is a product in L of the
family ((wi)igjw|). If (Pi: @ —=w;)ic|w| is a family of morphisms, then we have
that
()0 (P ] i€ wl) =P, (by B1)

K2

Moreover, if Q: 2 —sw is such that (7%)L o0 Q = P, then

Q= ((m")FoQ|ie|w|) (byB3)
= (P; i€ |w])

Proposition 18. Let L = (L,p) be a Bénabou theory for S. Then the family

(Lw7u)(w,u)€(5*)2 = (L(w,u))(w,u)e(s*)z

together with, for every w € S* and i € |w|, 7 = p}’, for every u,w € S*, (Ju,w
the mapping on Hz‘e|w\ L(u,w;) to L(u,w) obtained by the universal property of
the product for w, and, for every u,x,w € S*, 0y .4 the composition in L, is a
Bénabou algebra L.

Proposition 19. The categories Alg(Bg) and BTh(S) are isomorphic.

Proof. Let T be the functor on Alg(Bg) to BTh(S) that to a Bénabou algebra
L assigns the Bénabou theory (L,7Z), and to a morphism of Bénabou algebras
fi: L— K assigns the morphism of Bénabou theories T'(f) that to P: w—swu
associates fuy o (P): w—su.

Let A be the functor on BTh(S) to Alg(Bg) that to a Bénabou theory L = (L, p)
assigns the Bénabou algebra corresponding to L and to a morphism of Bénabou
theories F': L —= L’ assigns the morphism of Bénabou algebras, that for u,w € S*,
is the bi-restriction of F' to L(u,w) and L'(u, w).

The functors T and A are mutually inverses, therefore the categories Alg(Bg)
and BTh(S) are isomorphic. O

Now we state the equivalence between the categories of Hall and Bénabou alge-
bras.

Proposition 20. The categories Alg(H) and Alg(B) are equivalent.

Proof. Let B: Alg(H)—— Alg(B) be the functor that to a Hall algebra A as-
signs the Bénabou algebra B(A) that has as underlying S* x S*-sorted set B(A) =
((Aw)u)(w,u)e(s*)Qv where Ay, = (Auw,s)ses and (Ay), = Hielul Awu,;, and as alge-
braic structure that defined as

(w7 = (1)),

7 7

(@), - -+ (@u)—1))2) = (&2, 0, (T8, a0, - - Q1) - - -
& oy (T 1500, -, Q1))
B (a,b) = (&840 (b0, G0, - - - A 1), - - -
2 (00,00, -y @) 1));

and to an homomorphism f: A—— B of Hall algebras assigns the homomorphism
B(f) = ((fw)u)(w,u)e(s*)27 defined for (aq, . . .,a|u‘,1) in (Ay)y as

(a()v cee va\ul—l) L — (fw,uo (aO)v LR fw,umfu (a\ul—l)))'
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Reciprocally, let H: Alg(B)——= Alg(H) be the functor that to a Bénabou al-
gebra A assigns the Hall algebra H(A) that has H(A) = (Au,(s))(w,s)es xs as
underlying S* x S-sorted set, and as algebraic structure that defined as

(ﬂ.zv)ﬂ(é) — (ﬂ.@v)A

7 1 3

gﬂ(é)

u’w’s(amah e ,a‘w|) = Qa0 Ou,w,s <a1, ey a|w‘>u,w;

and to an homomorphism f: A ——= B of Bénabou algebras assigns the bi-restriction
of f to B(A) and B(B).

Next, for a Bénabou algebra A, we prove that A and BH(A) are isomorphic.
Let f: A—=BH(A) be the S* x S*-sorted mapping defined, for (u,w) € S* x S*
and a € A, 4, as

ar (r)40a,..., (T(ﬁ)ul_l)AO a).

The definition is sound because, for a € A, ,,, we have that (7*)20a € H(A)y w,,
hence (7)o a, ..., (ﬂml_l)éo a) € BH(A), . Thus defined it is easy to prove
that f is a homomorphism.

Reciprocally, let g: BH(A) — A be the S* x S*-sorted mapping defined, for

(u,w) € S* x S* and b € BH(A), as
b (bo, ..o, by 1)

The definition is sound because, for b = (b, ..., b, —1) € BH(A), we have that
b; € H(A)y,w,, hence b; € Ay (.,), therefore (b, ..., b‘w|_1>A € Ay w. Thus defined
it is easy to prove that g is a homomorphism.

Now we prove that the homomorphisms f and g are such that g o f =id4 and
fog =idpp(a). On the one hand, if a € A, ,, then ((7y)2oq, ..., (wf‘jﬂl_l)éo@ =a
by B3, hence go f =ids. On the other hand, if b € BH(A), fuw © guw(b) is the
mapping

b= (bo, -, bjw|—1 )i
() BE® 0 (bo, . bju =1 s -+ (T ) BEA 0 (o, - bu—1)a,)
= (7)) 0 (b0, - - bju|—1 ) - (T )2 0 (b, -+ bju =1 )

= (Do, -, bju—1)2,

where the last step is justified by the axiom B1, hence f o g = idgp(a)-
Finally, for a Hall algebra A we have that A and HB(A) are identical, because
a€ Ay iff a € B(A)y (s iff a € HB(A)y,s- O

Proposition 21. Let [, : Set® % — = Set® %5 be the functor determined by
the mapping 1x (g from S* x S into S* x S* that to a pair (w,s) assigns (w, (s)).
Then for the diagram

Gu

Set® xS T Alg(H)
Fry

H1XQS H4[A1xps Bl=H
Gp

- B

Set® *5” T Alg(B)

Fry,

we have that Fry oHles = BoFry and Ay, 0Ge =GuoH
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Corollary 4. Let ¥ be an S-sorted signature. Then the Bénabou algebra Polg (%)
is isomorphic to Frg (5, ¥)-

Proof. Because Polg(X) = B(Poly(X)). O

If we agree that Eqg(X) denotes Polg(X)?, then the congruence generated in
Pol; (X)) by a subfamily £ of Eqz(X) can be characterized as follows.

Proposition 22. Let & be a part of Eqg(X). Then Cgpyy (x)(€) is the smallest

part & of Polg(X) that contains £ and is such that, for every u,w,x € S* satisfies
the following conditions:
(1) Reflexivity. For every P € Polg(X)wu, (P,P) € Ew -
(2) Simmetry. For every P, Q € Polg(X)w u, if (P, Q) € Ewu, then (Q,P) €
Ewu-
(3) Transitivity. For every P, @, R € Polg(X)y.u, if (P,Q), (Q,R) € Ewu,
then (P,R) € Ew.s-
(4) Product compatibility. For every P, Q € Polg(X)y,w, tf, for every i € |w|,
(Ra Qz) € gu,(w,-,)7 then (<P07 ceey F)\w|—1>a <Q0a ceey Q|w\—1>) € gu,w
(5) Substitutivity. For every P, Q € Polg(X)y.. and M,N € Polg(X)sw, if
(P,Q) € Euw and (M, N) € Ey oy, then (MoP, NoQ) = (PoM, Q¥ N) €
Euww-

Now we define two pairs of order preserving mappings, in opposite directions,
between the ordered sets Sub(Eqy (X)) and Sub(Eqg (X)) that will allow us to assert
that the category Sub(Eqy (X)) is a retract of Sub(Eqg (X)) in the category Adj of
categories and adjunctions.

Proposition 23. Let ¥ be an S-sorted signature. Then the mappings H, D from
Sub(Eqp (X)) into Sub(Eqy (X)) defined as

H(g) = ({(P7Q) € EQH(Z)wﬂs | (PaQ) € gw,(s)})(w,s)GS*XS

IR,S) € Ew, Ji € uMs],
D(E) = ({(P, Q) S EQH(Z)w,s (P,Q) _ (R“S,) })(wys)es*xs

and the mappings I, B from Sub(Eqy (X)) into Sub(Eqg (X)) defined as

1(€) = ({(P,Q) € Eqg(X)w,u | s € S (u= (s) and (P,Q) € &, ;) }) (wuwesxs*
B(E") = ({ (P, Q) € Eqg(X)w,u | Vi € |ul (P, Qi) € &, ;) Dw,uyessxs-

are order preserving. Moreover, Hol = Dol = HoB = Do B = idgup(gqy(x)) ond,
for every € C Eqy(X) and &' C Eqg(X), we have that D(E) C &' iff € C B(E') and
I(&) CEfE C H(E), hence DAB and I 4 H. Finally, because the composite
adjunction D o IH1H o B is the identity adjunction, we conclude that Sub(Eqg (X))
is a retract of Sub(Eqg (X)) in the category Adj of categories and adjunctions.

Proposition 24. Let ¥ be an S-sorted signature. Then the lattices Cgr(Poly (X))
and Cgr(Polg(X)) are isomorphic.

Proof. 1f & € Cgr(Poly (X)) then Cgpyy (s)(B(€)) = B(Cgpoy, (x)(€)) € B(E) and
B(E) € Car(Poly (%))

Reciprocally, if € € Cgr(Polg(X)), then Cgpyy, (5)(H(E)) € H(Cgpor,()(€)) S
H(&) and H(E) € Cgr(Poly(¥)). But, because H o B = idg,b(gq, (5)); We only have
to verify that, for every £ € Cgr(Polg(X)), B(H(E)) =E&. If (P, Q) € B(H(E))yw,
then, for every i € |wl|, (P;, Q;) € H(E)uw,, hence (P, Q;) € &y (w,) and (P, Q) €
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Euw- If (P, Q) € Eyw, then, for every i € |w|, (P;, Qi) € &y (w,), hence (P;,Q;) €
H(E)yw, and (P, Q) € B(H(E))uw- O

Corollary 5 (Completeness Theorem). Let ¥ be an S-sorted signature. Then the
algebraic lattice Cgr(Polg (X)) is isomorphic to the algebraic lattice of fived points
Of an .

3. POLYNOMIALS AND EQUATIONS FOR MONADS.

In this section we define, for a monad in a category, the concepts of polynomial,
equation and the relation of validation of an equation in an algebra for the monad.
From this, as in the classical case, we also obtain a contravariant Galois connection
between the ordered class of classes of T-algebras and the ordered set of families of
T-equations.

Definition 13. Let T = (7,7, 1) be a monad in a category C and X, Y objects
in C.

(1) A T-polynomial of type (X,Y) is a morphism P: Y —=T(X) in C. We
identify the T-polynomials with the morphisms in KI1(T)°P, the dual of
the Kleisli category of T, hence P: X —Y in KI(T)°P is P: Y —= X in
KI(T) or, what amounts to the same, P: Y —=T(X) in C.

(2) A T-equation of type (X,Y) is a pair (P,Q) of T-polynomials of type
(X,Y). We identify the T-equations with the parallel pairs of morphisms
in K1(T)°P.

We agree that Pol(T) denotes the category KI1(T)°P and call it the category
of T-polynomials. On the other hand, Eq(T) is (Homper (X, Y)Q)(ny)ecz, the
C?-sorted set of T-equations. Moreover, we call the C?-sorted subsets of Eq(T),
that are the relations on the category Pol(T), families of T-equations.

To avoid misunderstandings we denote by ¢ the composition in KI(T) and
Pol(T), preserving the standard notation for the composition in the category C.
Therefore, if Q: Z—=T(Y) and P: Y —=T(X) are morphism in KI(T), then
PoQ=puxoT(P)oQ.

Now we define for a monad in a category, on the one hand, the realization of
the polynomials relative to the monad in the algebras for the monad and, on the
other, the concept of validation of an equation for the monad in an algebra for the
monad.

Definition 14. Let T be a monad in C and (A, «) a T-algebra. Then every T-
polynomial P: X —Y induces a mapping P(4*) : Hom¢ (X, A) — Homg (Y, A),
the realization of P in (A, «), that to a morphism f: X —= A assigns the morphism
aoT(f)oP: Y —A.

From now on, we agree that to say that a diagram of the form

f _9 k
a——=bp_+ _c—>(d
h

commutes, means that kogo f = koho f. We extend this convention to similar
diagrams.

Definition 15. Let (A, «) be a T-algebra and (P, @) a T-equation of type (X,Y).
We say that (P,Q) is valid in (A,«), denoted by (4,a) Yy (P,Q), if for every
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f: X—=A aoT(a)o P =aoT(a)oQ, i.e., if the following diagram commutes
P T
Y T T(X) ) T(A) —%—— 4
Q
or, equivalently, if P(4®) = Q4 If K C EM(T), where EM(T) is the Eilenberg-
Moore category of T, then we agree that IC ):%Y (P,Q) means that, for every
(A,a) e K, (A, ) 1)1‘(7)/ (P,Q).

As for general algebra, from the concept of validation we also obtain a contravari-
ant Galois connection.
Definition 16. Let T be a monad in C.
(1) If £ C EM(T), then the T-equational theory determined by K, Thr(KC), is

The(K) = ({(P.Q) € Eq(T)xy | V(4,0) € K((4,0) Fxy (P.Q)}) xy)ec

(2) If £ C Eq(T), then the T-equational class determined by £, Modr(E), has
as elements the T-algebras (A, «) that validate each equation of &, i.e.,

VX,Y € C, V(P7 Q) S 5X’y, }
(A,0) Fxy (P,Q)
Proposition 25. Let T be a monad in C, £, £ two families of T-equations and
K, K’ two classes of T-algebras. Then the following holds:
(1) If€ C &', then Modr(€’) € Modr(€).
(2) If K C K, then Thr(K’) C Thr(K).
(3) £ C ThT(MOdT(E)) and I C MOd’]r(Th’]r(/C)).
Therefore the pair of mappings Thr and Modr is a contravariant Galois connection.

Modz(£) = {(A,a) € EM(T)

The categories associated to the lattices of classes of T-algebras and families
of T-equations are related by the adjunction Mody - Thr, i.e., for every class
of T-algebras and every family £ of T-equations, we have that £ C Mody(€) iff
& C Thr(K), because of the contravariance.

Definition 17. Let T be a monad in C. We denote by Cnr the closure operator
Tht o Modr on Eq(T) and we call the Cny-closed sets T-equational theories. If €
is a family of T-equations and (P, Q) a T-equation of type (X,Y’), then we say
that (P,Q) is a semantical consequence of £ if Modr(E) C Modr(P,Q), i.e., if
(P, Q) S ThT(MOdT(g))X’Y.

4. THE COMPLETENESS THEOREM FOR MONADS IN CATEGORIES OF SORTED
SETS.

In this last section once defined, for a congruence on a category, the concept
of liﬁl—compatible congruence, and his particular case that of II-compatible con-
gruence, we prove the completeness theorem for a monad in a category of sorted
sets, in the version that says that the lattice of II-compatible congruences on the
category of polynomials for a monad in a category of sorted sets is identical to the
lattice of equational theories for the monad. But before that, because we need the
quotient algebras to prove the completeness theorem, we define and characterize,
for a monad in a category of sorted sets, the concept of congruence on an algebra
in the Eilenberg-Moore category for the monad.

Definition 18. Let S be a set of sorts, T a monad in Set®, (A, «) a T-algebra
and @ an equivalence on A. We say that ® is a congruence on (A, @) if there is a
&: T(P) — @ such that
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(1) (9,¢) is a T-algebra.
(2) The restrictions p® and p! to ® of the canonical projections pr® and pr!
from A x A to A are T-morphisms from (P, ) to (4, a).

If ® is a congruence on (A, «), then we denote by (A/®, a/®) the T-quotient algebra.
Proposition 26. Let S be a set of sorts, T a monad in Set”, (A, a) a T-algebra

and ® an equivalence on A. Then ® is a congruence on (A,«) iff the following
diagram commutes:

T(PO) pr‘b
(@) + T4 —< A A)D

and for the unique &: T(®) —= @ such that p® of = aoT(p®) and p' of = aoT(pl),
(®,¢) is a T-algebra.

Proposition 27. Let S be a set of sorts, T a monad in Sets, (A, «) a T-algebra
and ® an equivalence on A. Then are equivalent:

(1) The following diagram commutes

T(p°) o pr®

() + T(A) A A/
T(p')

(2) For every a,b: Y —=A if pr® o a = pr® o b, then the following diagram
commutes

T'(a) pr®

TY)  + T(A)—2% A AJD
T(b)

Proof. Let us suppose that pr® oo T(p®) = pr® oo T(p!) and let a,b: Y —= A
be such that pr® o a = pr® o b. Then, because (®,p°,p') is the kernel pair of
pr?: A——= A/®, there is a unique f: Y —=® such that p°o f = a and p'o f = b.
From this follows that the following diagram

T(a)
g ¢0)
vy ey s P e
L T(p') j
T(b)
commutes. The reciprocal is obvious. O

Definition 19. Let C be a category, £ a congruence on C, I a category and
D:1——=C a diagram of type I in C, i.e., a functor from I in C.

(1) Given two projective cones (Y, 5), (Y,7) from an object Y of C to D we
say that 0 and v are £-congruent, denoted by 8 =¢ , if, for every ¢ € I,
we have that (3;,v:) € Ev,p,.

(2) We say that € is a lim(D)-compatible congruence on C if, for every projec-
tive limit (lim(D),7) of D and every pair of projective cones (Y, ), (Y,7)
from an object Y of C to D, if 8 =¢ v, then (8),(y) : Y — liLn(D)7 the
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unique morphisms such that, for every i € I, ;0 (8) = 3; and m; 0 (y) = i,
are £-congruents, i.e., ((3), (7)) € Ey iim(p)-
—

Y
B
BY=1 (7 7
v

lim(D) D

— m

We say that &£ is a II(D)-compatible congruence on C if £ is a @(D)—
compatible congruence on C when I is discrete.

(3) We say that £ is a lim-compatible congruence if, for every D: 1—C, &£
is a lim(D)-compatible congruence on C. If, for every discrete diagram D,
£ is a II(D)-compatible congruence, then we say that £ is a II-compatible
congruence on C.

We remark that the concepts in the above Definition can be dualized. Moreover,
the behaviour relative to the morphisms of the liLn—compatible congruences is like
that of the algebraical congruences relative to the homomorphisms, as stated in the
following Proposition.

Proposition 28. Let C be a category, D, D’ : I —=C two diagrams of type I in C,
& alim(D) and lim(D")-compatible congruence on C and o, 7: D ==>D’ two natu-
ral transformations from D to D'. Then, for every projective limits (m(D), ) of D
and (Um(D"), 7") of D', the unique morphisms (o o m) (7 om) : lim(D) — lim(D’)
such that, for every i € I, wio(ocom) =o0;0m and 7,0 (romw) =1, 0m;, are E-
congruents.

Corollary 6. Let C be a category, (A;)icr, (Bi)ier two families of objects in C,
E a -compatible congruence on C, and (f;)icr, (g:)ier two families of morphisms
from (A)ier to (Bi)ier- If, for everyi € I, f; and g; are E-congruent, then [[,c; fi
and [[;c; 9i are E-congruent.

Proposition 29. Let C be a category with products. Then the ordered set of II-
compatible congruences on C, Cgr'!(C) = (Cgr!!(C), Q), is a complete lattice.

Definition 20. Let C be a category with products. We denote by Cg% the closure
operator on the set of relations on C that to a relation £ on C assigns the smallest
II-compatible congruence on C that contains &£.

Now we prove that the Kleisli category of a monad T in a category C has
coproducts if C has coproducts. From this follows that, for every set of sorts
S and monad T in Set®, the category Pol(T) has products, because it is the
dual of KI(T), therefore on the category Pol(T) we have the corresponding closure
operator ngol(’ﬂ‘) that we will use to prove the Completeness Theorem for monads
in categories of sorted sets.

Proposition 30. Let T be a monad in C. If C has coproducts, then KI(T) has
coproducts.

Proof. Let (X;)icr be a family of objects in KI(T). Then [,.; Xi, together with
the family of morphisms (nyy,_, x, ©ini)ier, is a coproduct in KI(T) of (X;)er.
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Let (fi: Xi—=Y)icr be a family of morphisms in K1(T). Then we have, in C,
the commutative diagram

in; Mer Xa
X; Hiel X; = T(HiGI X’L)
J[fi]ie[ lT([fi]ieI)
fi
T(Y) <T T(T(Y))
and [filicr: [1;,c; Xe —=Y in KI(T) satisfies the universal property. O

Corollary 7. Let T be a monad in C. If C has coproducts, then Pol(T) has
products. Therefore, for every set of sorts S and every monad T in Sets, Pol(T)
has products.

Next we prove that the II-compatible congruences on the category of polynomials
for a monad in a category of sorted sets, are determined by the pairs of morphisms
in the congruence with codomains deltas of Kronecker. Moreover, from now on, for
a monad T = (T,7n, 1) in Set® we denote by n* and p* the values of 1 and p,
respectively, in the S-sorted set X.

Proposition 31. Let T be a monad in Set® and € a II-compatible congruence on
Pol(T). Then (P,Q) € Ex.y iff, for every s € S and (y): 0°—=Y in Set®, we
have that (P o (y),Q o (y)) € Ex,s=-

Proof. Before we proceed to the proof, we remark that, for every (y): 6°—Y,
nY o(y) is a morphism in Pol(T) from Y to §°. Moreover, if R: X —=Y is another
morphism in Pol(T), then (nY o (y)) ¢ R = Ro (y).

If (P,Q) € Ex.,y, then, for every s € S and (y): 0°—=Y, because & is a
congruence, we have that (Po (y),Q o (y)) € Ex.s=-

Reciprocally, if, for every s € S and (y): 6°—=Y, (Po (y),Q o (y)) € Ex,ss,
then, because (Y, (Y o (y))ses,yey.) is a product in Pol(T) of (0*)sesyey, and & is
II-compatible, it follows that the pair ((P o (y))sesyev,, (R © (¥))scs.yey,) € Exv-
But, by the universal property of the product, ((Po(y))ses,yev., (Qo(Y))ses,yey.) =
(P,Q), hence (P, Q) € Exy. O

Next we prove the Soundness Theorem, i.e., that for every subclass K of the
Eilenberg-Moore category for the monad T, the T-equational theory Thr(K) is a
ITI-compatible congruence on Pol(T).

Theorem 1 (Soundness Theorem). Let S be a set and T a monad in Set®. Then
every T-equational theory is a II-compatible congruence on Pol(T).

Proof. Let Tht(K) be a T-equational theory for some L C EM(T). Then, for every
X, Y e Set®, Thr(K)x y is an equivalence on Hompoy(my (X,Y).

Now we prove that the equivalence Thr(K) is compatible with the composition
in Pol(T). Let (P,Q) € Thy(K)x,y be and R: Y —=Z a morphism in Pol(T).
Then, for every T-algebra (A, &) and morphism f: X — A, the following diagram
in Set® commutes:

% ]j T(X) ) T(A) @ A
]

T(P)
Z——>T() T (T(X)) (T(A)) ——— T(A)
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Therefore, (Ro P,R<¢ Q) € Thy(K)x 2.
Let W: U—> X be a morphism in Pol(T). Then, for every T-algebra (4, «)
and morphism f: U ——= A, the following diagram commutes

P T(W T(T T(a
y == 7(x) — L )y LI pigay Z0 L pa
¥ nY p la
1) T4 — A

Therefore (P oW, Qo W) € Thy(K)y,y.

Lastly, we prove that Thy(K) is II-compatible. Let (P%);c; and (Q%);er be two
families of morphisms in Pol(T) such that, for every i € I, (P*, Q") € Thr(K)x v,
(A, @) a T-algebra in K and f: X —= A a morphism in Set®. Then we have the
following diagram in Set®

E

Y? i [Lic; Vi
r (Qicr | |[Pier
TX) = TA) 5 A

For every i € I, let f* be the morphism aoT'(f)o P = aoT(f) o Q*. Then, by the
universal property of [[,.; Y, there exists a unique [f]ie;: [[,c; Y*— A such
that, for every i € I, [f*];er o in® = f*. Moreover, for every ¢ € I, we have that
0o T(f)o [Plier o’ = fi = a0 T(f) o [Qlies o in', hence a o T(f) o [Plier =
aoT(f)o [Qi]ielv therefore ([Pi]iej, [Ql]zej) € ThT(IC)X’HieI yi. O

We remark that the Soundness Theorem is equivalent to ngol(m < Cnr, because
the lattices of closure operators and closure systems on a set are anti-isomorphic.

Now in order to prove the Adequacy Theorem, i.e., that every II-compatible
congruence £ on Pol(T) is identical to Thy(K) for some class K of T-algebras, we
begin by associating to every family £ of T-equations and S-sorted set X a many-
sorted relation £x on T(X) in such a way that for £ a II-compatible congruence
on Pol(T), £x will be a congruence on (T7'(X), ). Then to obtain the Theorem
just mentioned it will be enough to take as K = {(T'(X)/Ex, 1~ /Ex) | X e U5}

Definition 21. Let T be a monad in Set®, £ a family of T-equations and X an
S-sorted set. Then we denote by Ex the many-sorted relation on T'(X) defined as
follows

&x = {(p.q) € T(X)Z | ((p), (@) € Ex.5°})ses,
where, for s € S and p € T'(X)s, (p) is the associated mapping from 6° to T'(X).

Lemma 2. Let T a monad in Set®, € a II-compatible congruence on Pol(T) and
X an S-sorted set. Then, for every S-sorted set Y and every (P, Q) € Eq(T)
the following conditions are equivalents:
(1) (P,Q) € SX,Y'
(2) The following diagram commutes
P préx
Y + T(X)——T(X)/Ex
Q

X,Y
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Proof. Let us suppose that (P, Q) € Ex,y. Then, for every s € S and (y): §°* —Y
in Set”, in the following diagram in KI(T)

Po(y)

(o

5u (y)Y ¥

k e )
Qo (y)

we have that Po(y) = Po(nY o(y)) and Qo(y) = Qo(nY o(y)), by the definition of
o and because 7 is natural and X o™ (%) is the identity in T(X). Therefore, given
that & is a congruence, (Po(y),Qo(y)) € Ex s+, hence (Ps(y), Qs(y)) € Ex,s. From
this and taking into account that the deltas of Kronecker are a set of generators for
Set?, follows that pré* o P = préx o Q.

Reciprocally, if prf* o P = prfx o @, then, for every (y): 6°—=Y and s € S,
préX o Po (y) = préX o Q o (y), hence (P o (y),Q o (y)) € Ex.,5:. Therefore, by the
Proposicién 31, (P,Q) € Exy. O

P

Proposition 32. Let T be a monad in Set® and € a II-compatible congruence on
Pol(T). Then, for every S-sorted set X, Ex is a congruence on (T(X), u™).

Proof. The many-sorted relation Ex is an equivalence on T'(X) because & is, in
particular, an equivalence. Now, by the Proposition 27, instead of proving that
préxopX o T(p°) = préx ouX oT(p'), we prove that, for every a,b: Y —=T(X), if
préx oa = préx ob, then préx o uX oT'(a) = préx opuX o T(b). Let a,b: Y —=T(X)
be two S-sorted mappings such that préx oa = pré% ob. Then, by the Lemma 2,
we have that (a,b) € Ex,y. But for the following diagram in KI(T)

X oT(a)
f id7(y) —a>\V
TY)———Y X
N b )
uX o T(b)

we have that u* oT(a) = a<oidp(yy and uX oT(b) = boidp(y). Therefore, because
& is a congruence on Pol(T), (u* o T'(a), u™ o T(b)) € Ex,1(v)- Hence, once more,
by the Lemma 2, the following diagram in Set®

T(a) X
X ) pré

T(X)/€x

commutes. Moreover, (£x,&), where £ is the unique morphism from T(Ex) to
Ex such that p®of = X o T(p°) and p'of = u* o T(p'), is a T—subalgebra of
(T(X), wX)2. Therefore £x is a congruence on (T(X), uX). O

Proposition 33. Let T be a monad in SetS, E a Il-compatible congruence on
Pol(T), X, Y two S-sorted sets and (P,Q) € Ex,y. Then, for every S-sorted set

Z,(T(Z)/ez, 1% [€2) Ex y (P.Q)-

Proof. Let f: X —=T(Z)/Ez be a valuation. Then, because prf# is a retraction,
there exists an R: X —T(Z) such that f = pr®% o R. Henceforth, (PoR,QoR) €
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Ezy, and by the Lemma 2, pr®Z o u? o T(R) o P = prfZ o i o T(R) o Q. From this
follows the commutativity of the following diagram

z
T(T(2)) —" T(2)
T(R
&) T (pré7) pré”
P
Y + T(X) T(f T(T(2)/€z) W 1(2)/&z
Therefore (T(Z)/Ez, 1% |E7) %Y (P, Q). O

Theorem 2 (Adequacy Theorem). Let S be a set and T a monad in Set®. Then
every II-compatible congruence on Pol(T) is a T-equational theory.

Proof. Let &€ be II-compatible congruence on Pol(T). We will prove that & =
Thr(K), where K = {(T(X)/Ex, 11X /Ex) | X € U°}. Let X, Y be two S-sorted
sets and (P,Q) € Ex,y, then, by Proposition 33, K ):)T(,Y (P,Q), hence & C
Thr(K). Reciprocally, for (P,Q) € Thr(K)xy and pré* on®: X —=T(X)/Ex,
in the following diagram

X
T(T(X)) T(X)
T X
T e ) prs
P
Y - ) T(préx o) /e WT(X)/SX

the triangle (1), the square (2) and the bottom row commute. Moreover, we have
that uX o T(n¥) = idx, hence préx o P = prfx o Q. Therefore, by Lemma 2,
(Pa Q) S 5X,Y~ (]

We remark that the Adequacy Theorem is equivalent to Cny < ngol(m, because
the lattices of closure operators and closure systems on a set are anti-isomorphic.

Corollary 8 (Completeness Theorem). Let S be a set and T a monad in Set®.
Then, the lattice of TI-compatible congruences on Pol(T) and the lattice of the T-
equational theories are identical or, what is equivalent, Cny = ngol(m.

As we know, for a set of sorts S and a monad T in Sets, the category Pol(T) of T-
polynomials has a set of cogenerators, the deltas of Kronecker, and is a category with
products. From this follows that a T-equation (P,Q) € Eq(T)x y is valid in a T-
algebra (A, o) iff every equation in Eq(T)x s obtained from (P, Q) by composition
with a morphism R: Y ——§° in Pol(T), is valid in (A, a). This fact allows us,
without loss of generality, to restrict, for monads in categories of sorted sets, to
consider exclusively equations which have as codomain a delta of Kronecker §°,
for some sort s € S. Moreover, for this type of equation, we have a consequence
operator directly definible and equivalent to the operator ngol(m.

Definition 22. Let T be a monad in Set® and Eq’(T) the U® xS-sorted family
(Hompo(T) (X, 55)2)()(75)6“5 «s- Then Mod$ and Th$ are the operators defined as
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follows:
Sub(Eq’(T)) — Sub(EM(T))
Mod? s S
o e mmn | 00 U B <P
Sub(EM(T)) — Sub(Eq’(T))
ThS

K ({(P, Q) € Eq’(T)x.s

(A, 0) €K })
(A7 a) ':'H)‘(,ﬁb' (Pv Q) (X,s)eUS xS
The pair of mappings Th% and Mod% is a contravariant Galois connection.

Proposition 34. Let T be a monad in Set®. Then the operators I, H, D and B,
defined as:

{ Sub(Eq’(T)) — Sub(Eq(T))
D ({(P,Q) € Eq(T)ny | Jdse S (Y =6 & (F)7 Q) S ,DX!S)})(X,Y)E(L[SP

{ Sub(Eq(T)) — Sub(Eq’(T))

& ({(P,Q) €EQ’(T)x,s | (P,Q) € Ex.50 })(X’S)eus s

{ Sub(Eq(T)) — Sub(Eq’(T))
& ({(P o(y),Qo(y)) € Eqé(T)X,s | (P,Q)€éxy, Y€ YS})()gs)euS xS
Sub(Eq’(T)) —> Sub(Eq(T))

Vs €S, Y(y): 6° —=Y,
D ({(P’ @) € Ba(T)x.y (Po(y),Qo(y)) € Dx,s })(x,m(uS)Z

are order preserving. Moreover, Hol = Dol = HoB = Do B = idguEqs (1))

and, for every & C BEq(T) and D C Eq’(T), we have that D(E) C D iff € C B(D)
and I(D) CE iff D C H(E), hence DB and I1H.

B

From the Proposition just stated we can conclude that the unit of the adjunction
I+ H and the counit of the adjunction D - B are identities. Moreover, the composite
adjunction Do I+ H o B is the identity adjunction, hence the category Sib(Eq‘S (T))
is a retract of Sub(Eq(T)) in the category Adj of categories and adjunctions.

Proposition 35. Let T be a monad in Set®. Then the following diagrams commute

ThT Thé
Sub(Eq(T) ~__ T _ Sub(EM(T Sub(Eq®(T)) ~_ T _ Sub(EM(T))°P
MOdT Mod%
D|+|B I|+4|H
ThT Thr
Sub(Eq’(T)) __ T _ T T _ Sub(EM(T Sub(Eq(T) T _ Sub(EM(T))P
ModT Modr

This fact implies that the adjunctions Modr 4 Thy and Mod$ 4 Th$ are equivalent
in a convenient 2-category of adjunctions, algebraic morphisms of adjunctions and
deformations between algebraic morphisms of adjunctions.

For the equations in Eq° (T) we define a closure system C{% such that the lattices
(€2,C) and Cgr''(Pol(T)) are isomorphic.
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Proposition 36. Let T be a monad in Set® and C% be the set of all those parts £
of Eq®(T) that satisfy the following conditions:
(1) For every (X,s) € U° xS, Ex., is an equivalence.
(2) Forevery (P,Q) € Ey,s and (P',Q") € Hompgy(m (X, Y)2, if, for everyt € S
and (y): 8'—=Y, (P o (y),Q o (y)) € Ex, then (PoP',Qo Q') € Ex 5.

Then C3 is a closure system on Eq®(T).

Proposition 37. Let T be a monad in Set®. Then we have that the lattices (C.J‘li, Q)
and %H(POI(T)) are isomorphic.
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